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EACH REGULAR PARATOPOLOGICAL GROUP IS COMPLETELY REGULAR
TARAS BANAKH AND ALEX RAVSKY
Abstract. We prove that a semiregular topological space X is completely regular if and only if its
topology is generated by a normal quasi-uniformity. This characterization implies that each regular
paratopological group is completely regular. This resolves an old problem in the theory of paratopo-
logical groups, which stood open for about 60 years. Also we define a natural uniformity on each
paratopological group and using this uniformity prove that each (first countable) Hausdorff paratopo-
logical group is functionally Hausdorff (and submetrizable). This resolves another two known open
problems in the theory of paratopological groups.
This paper was motivated by an old unsolved problem in the theory of paratopological groups,
asking if each regular paratopological group is completely regular (see [12, Question 1.2], [2, Problem
1.3.1], and [16, Problem 2.1]). Discussing this problem in the survey [16, §2], Tkachenko writes that
it is “open for about 60 years” and “the authority of the question is unknown, even if all specialists
in the area have it in mind”. Six sections later in [16, §8] Tkachenko writes that “it is even more
surprising that the following problem of Arhangel’skii [1, 3.11] is open: does every Hausdorff first
countable paratopological group admit a weaker metrizable topology?”
In this paper we will give surprisingly simple affirmative answers to both these open problems. In
fact, our principal results hold not only for paratopological groups but also for topological monoids
with open shifts and more generally for topological spaces whose topology is generated by a normal
quasi-uniformity.
Now let us recall the necessary definitions related to quasi-uniformities (see [6], [8] and [9] for more
information).
For a subset A ⊂ X of a topological space by clXA and intXA we denote the closure and interior
of A in X. The sets clXA, intXA and intXclXA will be also denoted by A, A
◦, and A
◦
, respectively.
Let X be a topological space. A subset U ⊂ X × X containing the diagonal ∆X = {(x, y) ∈
X ×X : x = y} is called an entourage on X. Given two entourages U, V ⊂ X ×X let
UV =
{
(x, z) ∈ X ×X : ∃y ∈ X such that (x, y) ∈ U and (y, z) ∈ V
}
be their composition and U−1 = {(y, x) : (x, y) ∈ U} be the inverse entourage to U .
For a point x ∈ X the set B(x;U) = {y ∈ X : (x, y) ∈ U} is called the U -ball centered at x, and for
a subset A ⊂ X the set B(A;U) =
⋃
a∈AB(a;U) is the U -neighborhood of A. It will be convenient to
denote the sets B(A;U), B(A;U)◦ and B(A,U)
◦
by B(A;U), B◦(A;U) and B
◦
(A;U), respectively.
A quasi-uniformity on a set X is a family U such that:
• for any entourages U, V ∈ U there is an entourage W ∈ U such that W ⊂ U ∩ V ;
• for any U ∈ U there is V ∈ U such that V V ⊂ U ;
• for every entourage U ∈ U , any entourage V ⊂ X ×X containing U belongs to U .
A quasi-uniformity U on X is called a uniformity if U = U−1 where U−1 = {U−1 : U ∈ U}.
A subfamily B ⊂ U is called a base of a quasi-uniformity U if each entourage U ∈ U contains some
entourage B ∈ B. Each quasi-uniformity U on a set X generates a topology τU on X consisting of
sets W ⊂ X such that for each x ∈ W there is U ∈ U such that B(x;U) ⊂W . Then for every point
x ∈ X the family {B(x;U)}U∈U is a neighborhood base at x. It is clear that the topological space
(X, τU ) satisfies the separation axiom T1 if and only if the quasi-uniformity U is separated in the sense
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that
⋂
U = ∆X . It is known (see [8] or [9]) that the topology of any topological space X is generated
by a suitable quasi-uniformity. We shall say that a quasi-uniformity U on a topological space X is
continuous if the topology τU generated by U is contained in the topology of X.
Definition 1. A quasi-uniformity U on a topological space X is defined to be normal if A ⊂ B(A;U)
◦
for any subset A ⊂ X and any entourage U ∈ U .
A topological space X is called normally quasi-uniformizable if the topology of X is generated by
a normal quasi-uniformity.
Proposition 1. Each continuous uniformity U on a topological space X is normal.
Proof. Given a subset A ⊂ X and an entourage U ∈ U , we should prove that A ⊂ B(A;U)
◦
. Choose
any entourage V ∈ U such that V −1V ⊂ U . It follows that for every point a ∈ A the ball B(a, V )
meets the set A and hence a ∈ B(A;V −1). Then B(a;V ) ⊂ B(B(A;V −1);V ) = B(A;V −1V ) ⊂
B(A;U) ⊂ B(A;U) and hence a ∈ B(A;U)
◦
. 
In the proof of the following theorem we use the classical method of the proof of Urysohn’s Lemma.
Theorem 1. If U is a normal quasi-uniformity on a topological space X, then for any non-empty
subset A ⊂ X and entourage U ∈ U there exists a continuous function f : X → [0, 1] such that
A ⊂ f−1(0) ⊂ f−1
(
[0, 1)
)
⊂ B(A;U)
◦
.
Proof. Choose inductively a sequence of entourages (Un)
∞
n=0 ∈ U
N such that U0 ⊂ U and UnUn ⊂ Un−1
for every n ∈ N.
Let Q2 = {
k
2n : k, n ∈ N, 0 < k < 2
n} be the set of binary fractions in the interval (0, 1).
Each number r ∈ Q2 can be uniquely written as the sum r =
∑∞
n=1
rn
2n for some binary sequence
(rn)
∞
n=1 ∈ {0, 1}
N containing finitely many units. The sequence (rn)n∈N will be called the binary
expansion of r. Since r > 0, the number lr = max{n ∈ N : rn = 1} is well-defined. So, r =
∑lr
i=1
ri
2i
.
For an entourage V ∈ U we put V 1 = V and V 0 = ∆X . For every r ∈ Q2 consider the entourage
U r = U r11 · · ·U
rlr
lr
∈ B,
which determines the closed neighborhood B(A;U r) of A.
We claim that for any rational numbers q < r in Q2 the neighborhood B(A;U
q) is contained in
the interior B
◦
(A;U r) of the neighborhood B(A;U r). Let (qn) and (rn) be the binary expansions
of q and r, respectively. The inequality q < r implies that there exists a number l ∈ N such that
0 = ql < rl = 1 and qi = ri for all i < l. It follows that lq 6= l ≤ lr. If lq < l, then the normality of U
implies
B(A;U q) = B(A;U q11 · · ·U
qlq
lq
) = B(A;U r11 · · ·U
rlq
lq
) ⊂ B(A;U r11 · · ·U
rl−1
l−1 ) ⊂
⊂ B
◦
(A;U r11 · · ·U
rl−1
l−1 U
rl
l ) ⊂ B
◦
(A;U r11 · · ·U
rlr
lr
) = B
◦
(A;U r).
If l < lq, then the inclusions UkUk ⊂ Uk−1 for l < k ≤ lq + 1, guarantee that Ul+1 · · ·UlqUlq+1 ⊂ Ul
and then
B(A;U q) = B(x;U q11 · · ·U
qlq
lq
) ⊂ B
◦
(A;U q11 · · ·U
qlq
lq
Ulq+1) =
= B
◦(
A;U q11 · · ·U
ql−1
l−1 U
0
l U
ql+1
l+1 · · ·U
qlq
lq
Ulq+1
)
⊂ B
◦
(A;U q11 · · ·U
ql−1
l−1 Ul) =
= B
◦
(A;U r11 · · ·U
rl−1
l−1 U
rl
l ) ⊂ B
◦
(A;U r11 · · ·U
rlr
lr
) = B
◦
(A;U r).
So, B(A;U q) ⊂ B
◦
(A;U r).
Now define the function f : X → [0, 1] by the formula
f(z) = inf
(
{1} ∪ {q ∈ Q2 : z ∈ B(A;U
q)}
)
for z ∈ X.
It is clear that A ⊂ f−1(0) and f−1
(
[0, 1)
)
⊂
⋃
q∈Q2
B(A;U q) =
⋃
r∈Q2
B
◦
(A;U r) ⊂ B
◦
(A;U0) ⊂
B
◦
(A;U). To prove that the map f : X → [0, 1] is continuous, it suffices to check that for every real
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number a ∈ (0, 1) the sets f−1
(
[0, a)
)
and f−1
(
(a, 1]
)
are open. This follows from the equalities
f−1
(
[0, a)
)
=
⋃
Q2∋q<a
B
◦
(A;U q) and f−1
(
(a, 1]
)
=
⋃
Q2∋r>a
X \B(A;U r).

Corollary 1. If a topological space X is normally quasi-uniformizable, then for any point x ∈ X and
neighborhood Ox ⊂ X of x there exists a continuous function f : X → [0, 1] such that f(x) = 0 and
f−1
(
[0, 1)
)
⊂ O
◦
x.
We will apply Corollary 1 to establish equivalences of certain separation axioms in normally quasi-
uniformizable spaces.
To avoid a possible ambiguity, let us fix the definitions of some separation axioms.
Definition 2. A topological space X is called
T0: a T0-space if for any distinct points x, y ∈ X there is an open set U ⊂ X containing exactly
one of these points;
T1: a T1-space if for any distinct points x, y ∈ X the point x has a neighborhood Ux ⊂ X such
that y /∈ Ux;
T2: Hausdorff if for any distinct points x, y ∈ X the point x has a neighborhood Ux ⊂ X such
that y /∈ Ux;
T 1
2
2: semi-Hausdorff if for any distinct points x, y ∈ X the point x has a neighborhood Ux ⊂ X
such that y /∈ U
◦
x;
T2 1
2
: functionally Hausdorff if for any distinct points x, y ∈ X there is a continuous function
f : X → [0, 1] such that f(x) 6= f(y);
sM : submetrizable if X admits a continuous metric;
R: regular if for any point x ∈ X and a neighborhood Ox ⊂ X of x there is a neighborhood
Ux ⊂ X of x such that Ux ⊂ Ox;
1
2R: semiregular if for any point x ∈ X and a neighborhood Ox ⊂ X of x there is a neighborhood
Ux ⊂ X of x such that U
◦
x ⊂ Ox;
R 12 : completely regular if for any point x ∈ X and a neighborhood Ox ⊂ X of x there is continuous
function f : X → [0, 1] such that f(x) = 0 and f−1
(
[0, 1)
)
⊂ Ox;
T3 1
2
: Tychonoff if X is a completely regular T1-space;
T3: a T3-space if X is a regular T1-space;
T 1
2
3: a T 1
2
3-space if X is a semi-regular T1-space.
For any topological space these separation axioms relate as follows:
T0 T1ks T 1
2
2
ks T 1
2
3
ks +3 1
2R
T2
KS
T3ks +3
KS
R
KS
.
sM +3 T2 1
2
KS
T3 1
2
ks
KS
+3 R 12
KS
Known (or simple) examples show that none of the implications in this diagram can be reversed.
However for normally quasi-uniformizable spaces the situation changes dramatically.
Theorem 2. If a topological space X is normally quasi-uniformizable, then
(1) X is completely regular if and only if X is regular if and only if X is semiregular;
(2) X is functionally Hausdorff if and only if X is Hausdorff if and only if X is semi-Hausdorff.
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This theorem follows immediately from Corollary 1.
Taking into account that the topology of any completely regular space is generated by a uniformity
(inherited from the Tychonoff power RC(X) where C(X) is the set of all continuous real-valued
functions on X) and applying Proposition 1 and Theorem 2, we get the following characterization of
completely regular spaces.
Corollary 2. A semiregular topological space X is completely regular if and only if X is normally
quasi-uniformizable.
Now we will apply Theorem 1 to studying separation axioms in paratopological groups or, more
generally, topological monoids with open shifts. Let us recall that a paratopological group is a group
G endowed with a topology making the group multiplication G×G→ G, (x, y) 7→ xy, continuous.
A topological monoid is a topological semigroup S possessing a (necessarily unique) two-sided unit
e ∈ S. We shall say that a topological monoid S has open shifts if for any elements a, b ∈ S the
two-sided shift sa,b : S → S, sa,b : x 7→ axb, is an open map.
Remark 1. It is clear that each paratopological group is a topological monoid with open shifts. The
closed half-line [0,∞) endowed the Sorgenfrey topology (generated by the base B = {[a, b) : 0 ≤ a <
b < ∞}) and the operation of addition of real numbers is a topological monoid with open shifts,
which is not a (paratopological) group.
Each topological monoid S carries five natural quasi-uniformities:
• the left quasi-uniformity L generated by the base
{
{(x, y) ∈ S × S : y ∈ xU} : U ∈ Ne
}
;
• the right quasi-uniformity R generated by the base
{
{(x, y) ∈ S × S : y ∈ Ux} : U ∈ Ne
}
;
• the two-sided quasi-uniformity L∨R generated by the base
{
{(x, y) ∈ S×S : y ∈ Ux∩xU} :
U ∈ Ne
}
,
• the Roelcke quasi-uniformity RL generated by the base
{
{(x, y) ∈ S × S : y ∈ UxU} : U ∈
Ne
}
, and
• the quasi-Roelcke uniformity Q = RL−1 ∨ LR−1 generated by the base{
{(x, y) ∈ S × S : Ux ∩ yU 6= ∅ 6= Uy ∩ xU} : U ∈ Ne
}
.
Here by Ne we denote the family of all open neighborhoods of the unit e in S.
The quasi-uniformities L, R, L ∨ R, and RL are well-known in the theory of topological and
paratopological groups (see [15, Ch.2], [2, §1.8]), whereas the uniformity Q seems to be news. It
should be mentioned that on topological groups the quasi-Roelcke uniformity Q coincides with the
Roelcke quasi-uniformity RL. The following diagram describes the relation between these five quasi-
uniformities (an arrow U → V in the diagram indicates that U ⊂ V).
L ∨R
L
<<①①①①①①①①①
Q //oo R
cc❋❋❋❋❋❋❋❋❋
RL
bb❋❋❋❋❋❋❋❋❋
;;①①①①①①①①①
If a topological monoid S has open shifts, then the quasi-uniformities L, R, L∨R and RL generate
the original topology of S (see [7], [10]) whereas the quasi-Roelcke uniformity Q generates a topology
τQ, which is (in general, strictly) weaker than the topology τ of S. If S is a paratopological group,
then the topology τQ on G coincides with the join τ2 ∨ (τ
−1)2 of the second oscillator topologies
considered by the authors in [3]. The topology τQ turns the paratopological group into a quasi-
topological group, i.e., a group endowed with a topology in which the inversion and all shifts are
continuous (see [4, 7.3]).
Observe that in contrast to the classical quasi-uniformities L,R,RL, and L∨R, the quasi-Roelcke
uniformityQ = Q−1 is symmetric and so is a uniformity. By Proposition 1, the uniformityQ is normal
(with respect to the topologies τQ and τ). A similar fact holds for the other three quasi-uniformities.
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Proposition 2. For any topological monoid S with open shifts the quasi-uniformities L, R, and RL
are normal.
Proof. First we show that the left quasi-uniformity L is normal. Given a subset A ⊂ S and a
neighborhood U ∈ Ne we need to show that A ⊂ B(A,LU )
◦
where LU = {(x, y) ∈ S × S : y ∈ xU}.
The continuity of (right) shifts in S implies that
A · U ⊂ AU = B(A,LU ).
Since the monoid S has open (left) shifts, the set A · U is open in S and hence is contained in the
interior B(A,LU )
◦
of B(A,LU ). So, A ⊂ A ·U ⊂ B(A,LU )
◦
and hence the left quasi-uniformity L is
normal.
By analogy we can prove the normality of the right quasi-uniformity R on S. The normality of
the left quasi-uniformity L implies the normality of the Roelcke quasi-uniformity RL ⊂ L. 
Problem 1. Is the two-sided quasi-uniformity L ∨ R normal for any paratopological group (more
generally, any topological monoid with open shifts)?
Now we shall apply Theorem 1 and prove the following normality-type property of topological
monoids with open shifts.
Theorem 3. Let S be a topological monoid with open shifts. For any neighborhood U ⊂ S of the unit
e of S and any subset A ⊂ S there exists a continuous function f : S → [0, 1] such that f(A) ⊂ {0}
and f−1
(
[0, 1)
)
⊂ AU
◦
∩ UA
◦
.
Proof. Let LU = {(x, y) ∈ S × S : y ∈ xU} ∈ L and RU = {(x, y) ∈ S × S : y ∈ Ux} ∈ R be the
entourages determined by the neighborhood U . Applying Theorem 1 to the normal quasi-uniformities
L and R on S, we obtain two continuous functions fL, fR : S → [0, 1] such that
A ⊂ f−1L (0) ⊂ f
−1
L
(
[0, 1)
)
⊂ B(A,LU )
◦
= AU
◦
and A ⊂ f−1R (0) ⊂ f
−1
R
(
[0, 1)
)
⊂ B(A,RU )
◦
= UA
◦
.
Then the function f := fL · fR : S → [0, 1] is continuous and has the required property:
A ⊂ f−1(0) ⊂ f−1
(
[0, 1)
)
⊂ AU
◦
∩ UA
◦
.

Applying Theorem 3 to a singleton A = {x} ⊂ S, we get the following corollary.
Corollary 3. Let S be a topological monoid with open shifts. For any point x ∈ S and neighborhood
Ox ⊂ S of x there exists a continuous function f : S → [0, 1] such that f(x) = 0 and f
−1
(
[0, 1)
)
⊂ O
◦
x.
It its turn, this corollary implies the following two characterizations.
Corollary 4. A topological monoid S with open shifts is:
(1) completely regular if and only if S is regular if and only if S is semiregular;
(2) functionally Hausdorff if and only if S is Hausdorff if and only if S is semi-Hausdorff.
Since each paratopological group is a topological monoid with open shift, we can apply Corollary 4
to paratopological groups and obtain the following two characterizations. The first of them answers
a (more than 50 years) old problem in the theory of paratopological groups (see [12, Question 1.2],
[2, Problem 3.1.1], [17, Problem 4.1], and [16, Problem 2.1]).
Corollary 5. A paratopological group G is completely regular if and only if G is regular if and only
if G is semiregular.
We mention that the regularity of semi-regular paratopological groups was first proved by Ravsky
[13]. The other characterization solves an open problem in [16, Problem 2.4].
Corollary 6. A paratopological group G is functionally Hausdorff if and only if G is Hausdorff if
and only if G is semi-Hausdorff.
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Corollaries 5 and 6 (and Theorem 2) show that for paratopological groups (more generally, for
normally quasi-uniformizable topological spaces) the diagram describing the relation between various
separation axioms transforms to the following symmetric form:
T 1
2
2
KS

T 1
2
3
ks
KS

+3 1
2R
T0 T1ks T2ks T3ks +3 R

KS
KS

.
T2 1
2

KS
T3 1
2
ks

KS
+3 R 12
Simple examples presented in [13, Section 1] or [16, Section 2] show that for paratopological groups
the separation axioms Ti, i ∈ {0, 1, 2, 3}, are pairwise non-equivalent. On the other hand, for topo-
logical groups the separation axiom T0 is equivalent to T3 1
2
and consequently to all other separation
axioms Ti, i ∈ {1, 2,
1
22, 2
1
2 ,
1
23, 3, 3
1
2}. The real line endowed with the anti-discrete topology is a
regular topological group which fails to satisfy the separation axiom T0.
In fact, the first parts of Corollaries 6 and 4(2) admit an elementary proof exploiting the quasi-
Roelcke uniformity. Let S be a Hausdorff topological monoid. We shall say that S is countably
Hausdorff if there is a countable family U of neighborhoods of the unit e ∈ G such that for any
distinct points x, y ∈ G there is a neighborhood U ∈ U such that Ux ∩ yU = ∅ or xU ∩ Uy = ∅. It is
clear that each first-countable Hausdorff topological monoid is countably Hausdorff.
The following theorem yields a simple alternative proof of the first parts of Corollaries 4(2) and 6.
Theorem 4. Any (countably) Hausdorff topological monoid S with open shifts is functionally Haus-
dorff (and submetrizable).
Proof. Since S is Hausdorff, the quasi-Roelcke uniformity Q is separated and hence induces a Ty-
chonoff topology τQ on S. Since S has open shifts, the identity map id : S → (S, τQ) is continuous,
which implies that the space S is functionally Hausdorff.
Now assume that the topological monoid S is countably Hausdorff. For every neighborhood V ∈ Ne
of the unit e, consider the basic entourage
QV = {(x, y) ∈ S × S : V x ∩ yV 6= ∅ 6= V y ∩ xV }
of the quasi-Roelcke uniformity Q. Since S is countably Hausdorff, we can choose a countable family
U of neighborhoods of the unit e ∈ S such that
⋂
V ∈U QV = ∆X and hence the uniform space (S,Q)
admits a uniform (and thus continuous) metric d : S × S → S (see Theorems 8.1.10 and 8.1.21 in
[5]). This implies that the space S is submetrizable. 
Since each first-countable Hausdorff topological monoid is countably Hausdorff, Theorem 4 implies
the following corollary.
Corollary 7. Any first-countable Hausdorff topological monoid with open shifts is submetrizable.
Since each paratopological group is a topological monoid with open shifts, Theorem 4 implies
another corollary, which answers affirmatively Problem 3.11 in [2] (repeated as Problem 8.7 in [16])
and Problem 2.21 in [14], and also generalizes many results on the submetrizability of paratopological
groups (see, [16, §8], [11], [18], [14]).
Corollary 8. Any (countably) Hausdorff paratopological group is functionally Hausdorff (and sub-
metrizable).
Theorem 4 and Corollary 8 motivate the problem of recognizing countably Hausdorff paratopologi-
cal groups, equivalently, recognizing Hausdorff paratopological groups whose quasi-Roelcke uniformity
has countable pseudocharacter ψ(Q) = min{|U| : U ⊂ Q,
⋂
U = ∆X}. This problem is treated in [4]
where many upper bounds on ψ(Q) are found.
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Remark 2. In [11, Example 3.3] Lin and Liu constructed an example of a Hausdorff paratopolog-
ical abelian group of countable pseudocharacter, which is not submetrizable. In [14, 2.15] Sa´nchez
constructed a precompact Hausdorff paratopological abelian group with countable pseudo-character,
which admits no injective continuous map into a first-countable space. Finally in [4, 8.1] the au-
thors constructed an example of a zero-dimensional (and hence regular) Hausdorff abelian group G
of countable pseudocharacter which is not submetrizable (and has no Gδ-diagonal under MA+¬CH).
These examples show that Corollary 8 cannot be generalized to Hausdorff paratopological groups of
countable pseudocharacter.
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